The drift behavior of spiral waves under the influence of a polarized electric field is investigated in the light that both the polarized electric field and the spiral waves possess rotation symmetry. Numerical simulations of a reaction-diffusion model show that the drift velocity of the spiral tip can be controlled by changing the polarization mode of the polarized electric field and some interesting drift phenomena are observed. When the electric field is circularly polarized and its rotation follows that of the spiral, the drift speed of the spiral tip reaches its maximal value. On the contrary, opposite rotation between the spiral and electric field locks the drift of the spiral tip. Analytical results based on the weak deformation approximation are consistent with the numerical results. We hope that our theoretical results will be observed in experiments, such as the Belousov-Zhabotinsky reaction. Numerous chemical and biological systems can be classified as excitable media. Sufficiently strong perturbations in such media can excite self-sustained nonlinear propagating waves that can form rotating vortexlike patterns, spiral waves in two dimensions, or scroll waves in three dimensions.
Numerous chemical and biological systems can be classified as excitable media. Sufficiently strong perturbations in such media can excite self-sustained nonlinear propagating waves that can form rotating vortexlike patterns, spiral waves in two dimensions, or scroll waves in three dimensions.
1,2 They are probably the most frequently encountered self-organizing structures in excitable media observed in many different systems, such as the prototypical Belousov-Zhabotinsky ͑BZ͒ reaction, 3 catalytic surface processes, 4 aggregating colonies of social amoebae and other microorganisms, 5 and propagating patterns of heart tissue excitations. 6 In particular, they play an essential role in heart diseases such as arrhythmia and fibrillation. [6] [7] [8] In order to understand or control the dynamics of spiral waves, many methods have been employed to investigate the drift behavior of spiral waves ͑usually in chemical reaction-diffusion systems͒, such as periodic illuminations, [9] [10] [11] [12] [13] [14] [15] [16] [17] periodic mechanical deformation, 18 electric field, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] etc. In the presence of a dc electric field, Steinbock et al. 19 show that the center of spiral waves in the BZ reaction drifts with a velocity whose two components are parallel and perpendicular to the applied field. The component of the drift perpendicular to the electric field changes its sign with chirality of the spiral wave. In Ref. 28, Munuzuri et al. observe that the spiral in the BZ reaction undergoes a directional drift when the frequency of an ac electric field is twice that of the spiral frequency. They found the direction of the spiral drift changes continuously between 0 and 360°when the phase shift between ac electric field and spiral rotation varies from 0 to 180°. In our recent work, 29 spiral drift induced by dc and ac electric fields is studied, and an approximate formula of the electric-field-induced drift velocity is derived. With this approximate formula we are able to explain the main features appearing in the directional spiral-tipdrift problems, such as the constant drift of the dc electric field and the net drift of the ac electric field at =2 0 , and the phase and chirality relations in these drift processes.
In review of previous works that focus on the influence of electric fields on spiral waves dynamics, the electric field is applied merely in one direction. Since spiral waves rotate around its center possessing rotation symmetry, it will be worthwhile to investigate spiral-drift behavior caused by a polarized electric field that also possesses rotation symmetry ͑see Fig. 1͒ . In this paper, we will investigate the drift behavior of a spiral under the influence of a polarized electric field. Applying two ac electric fields perpendicular to each other to the system, one can get a polarized electric field. Tuning the phase difference between those two perpendicular fields, one can produce a circular, an elliptical, or a linear polarized electric field. Some interesting drift phenomena of the spiral are observed for the aforementioned different modes of polarization. Analytical results obtained in the weak deformation approximation agree with our numerical results qualitatively.
With an additional term ME · ٌu, a two-variable reaction-diffusion model can describe the propagation of spiral waves in the presence of an external electric field E:
where the variables u and v can be interpreted as the concentrations of the reagents, etc., and 1 / ⑀ is a parameter characterizing the excitability of the medium. Parameter M is the ion mobility and E = ͑E x , E y ͒ the electric field. For numerical simulations, we will consider a modified FitzHugh-Nagumo model, 30 where
The simulation is performed on a system of 35ϫ 35 size with a͒ Author to whom correspondence should be addressed. Electronic mail: hzhang@zimp.zju.edu.cn no-flux boundary conditions. Discretizations with ⌬x = ⌬y = 0.175 and ⌬t = 0.001 have been used in an Euler scheme. With suitable parameter values and initial condition, the system will have a dense and rigidly rotating spiral wave solution.
Now we investigate the response of a spiral under the influence of a polarized electric field. The polarized electric field is generated by the following process: two ac electric fields E x = E 0 cos͑t + 1 ͒ and E y = E 0 cos͑t + 2 ͒ are applied along the x and y axes, respectively. Their superposition E = ͑E x , E y ͒ gives rise to a polarized electric field rotating in two dimensions, which is shown in Fig. 1 . The mode of such a polarized electric field is characterized by the phase difference = 2 − 1 . The electric field is linearly polarized ͓see Figs. 1͑a͒ and 1͑e͔͒ when =0 or ; it is circularly polarized when = / 2 or 3 / 2, i.e., levorotatory polarization in Fig.  1͑c͒ and dextrorotatory polarization in Fig. 1͑g͒ ; the modes of electric field in Figs. 1͑b͒, 1͑d͒, 1͑f͒, and 1͑h͒ are of elliptical polarization for = /4, 3 /4, 5 / 4, and 7 /4. In order to simplify the simulation process, we set 2 =0. In the following discussions, we will consider the drift of a spiral under a weak polarized electric field ͑ME 0 = 0.02͒ with different phase differences.
For a given angular frequency of the polarized electric field, the system resonates at frequency =2 0 ͑ 0 is the angular frequency of the spiral wave͒, which results in a spiral drift in a straight line. The corresponding trajectories of the spiral tip under the influence of polarized electric fields are shown in Fig. 2 . We first investigate the drift behavior of a counterclockwise rotating spiral wave ͓see Fig.  2͑a͒ , =1, = ± 1 represent the chirality of the spiral, = + 1 for counterclockwise rotating spiral, while = −1 for the clockwise one͔. When the electric field is counterclockwise rotating polarized ͓phase difference =3 / 2, see Fig. 1͑g͔͒ , the drift speed reaches its maximal value. It shows that when the electric field is circularly polarized and its rotation follows that of the spiral wave, the spiral drifts the fastest. As the phase difference is changed to = /2 ͑clockwise circularly polarized͒, the spiral rotates around the core region but does not drift. In this case, the polarized electric field rotates contrary to that of the spiral. Reversing the direction of the polarized electric field results in a big change of drift velocity; this suggests that the relative rotation direction between the polarized electric field and the spiral closely relates to spiral-drift behavior. It shows that the drift velocity can be controlled by changing either the intensity or the phase difference of the polarized electric field. Figure 2 shows certain symmetry of the spiral tip trajectories. With regard to the trajectory at phase difference 3 /2 in Fig. 2͑a͒ , one can see that these trajectories are symmetrical. For example, the drift velocities for 5 / 4 and 7 / 4 are symmetrical along the drift velocity for 3 / 2. In Fig. 3͑a͒ , the drift speed dependence on the phase difference is presented. One can see that the drift speed can be changed in practice by varying the phase difference. The symmetry in Fig. 2 is clearly indicated by the speed-phase difference curve ͓see the vertical dot line in Fig. 3͑a͔͒ . The drift direction can also be controlled by changing the phase difference of the polarized electric field, which is shown in Fig. 3͑b͒ .
Numerical simulations show that the drift speed does not change when the phase difference is fixed. For example, when we change ͑ 2 , 1 ͒ from ͑0,− /3͒ to ͑ /2, /6͒ or ͑3 /4,5 /12͒, the drift speed keeps invariant.
In order to investigate the influence of chirality on show that the drift velocity for = −1 is different from that for = 1. The drift speed for = −1 reaches its maximal value at phase difference = / 2 and becomes zero at =3 / 2, which can also be seen in Fig. 3͑a͒ . Comparing the result of = 1 with that of = −1, one can see that the polarization mode of the electric field and the relative rotation relation between the spiral and the electric field play important roles in spiral drift. The same relative rotation between the spiral and the circular polarized electric field induces spiral drift the fastest, while reversed relative rotation leads to spiral locking. The maximal value for = 1 is at =3 / 2, while it is at = / 2 for = −1. For = −1, drift angles decrease with phase difference, contrary to that for =1 ͓Fig. 3͑b͔͒. In addition, at a fixed phase difference, the corresponding sum value of drift angles for = 1 and = −1 is equal to k + /2, k =1, 2, … ͓Fig. 3͑b͔͒. For example, at phase difference =0, / 4, and 7 / 4, the corresponding sum value of drift angle is ⌰ =1 + ⌰ =−1 =3 /2͑k =1͒; at phase difference =3 /4, , and 5 /4, ⌰ =1 + ⌰ =−1 =5 /2͑k=2͒. For = 0 and = 0, the system is under control by a direct electric field ͑E x = E y = E 0 ͒. The drift speed V d linearly increases with the amplitude of the weak dc electric field
2 + E y 2 = ͱ 2E 0 , which can be seen in Fig. 4 .
In order to attain insight into the underlying mechanism of the spiral-tip-drift behavior, we will make theoretical analysis under the weak deformation approximation. 29 Considering the influence of two arbitrary external fields ⌫ 1 ͑x , y , t͒ and ⌫ 2 ͑x , y , t͒ on the system, we have
͑2͒
For small ⌫ 1 and ⌫ 2 , we assume that the deformation of the spiral around the tip is weak, and numerical results show that this approximation is good for a resonantly drifting spiral that was dense and rigidly rotating. 17, 29 In this approximate, we can derive the drift velocity of the spiral tip,
where ͓û x ͔ tip = a 1 cos͑ 0 t − ␤͒, ͓û y ͔ tip = a 1 sin͑ 0 t − ␤͒, ͓v x ͔ tip = a 2 cos͑ 0 t − ␣͒, ͓v y ͔ tip = a 2 sin͑ 0 t − ␣͒, and ͓û x v y − û y v x ͔ tip = −a 1 a 2 sin͑␣ − ␤͒. a 1 , a 2 , ␣, and ␤ are four coefficients. Comparing Eq. ͑1͒ with Eq. ͑2͒, one can see that ⌫ 1 = ME x u x + ME y u y and ⌫ 2 = 0, then we get an approximate formula for the drift velocity:
A clear conclusion in Eq. ͑3͒ is that the spiral wave undergoes a directional drift only when the electric-field frequency is zero or twice the spiral frequency.
When a dc electric field is applied, only the components that do not include time contribute to the constant drift of the spiral tip: V x = − 0.5ME 0 + 0.5ME 0 cot͑␣ − ␤͒, V y = − 0.5ME 0 − 0.5ME 0 cot͑␣ − ␤͒ and
It shows that the drift speed is proportional to the amplitude of the weak dc electric field E d , which agrees with the numerical results in Fig. 4 . The application of a polarized electric field with =2 0 will induce the spiral to drift with the velocity: V y = 0.25ME 0 csc͑␤ − ␣͓͒ cos͑␤ + ␣ + 1 ͒ − sin͑␤ + ␣ + 2 ͔͒, and the drift speed
From this relation, we can see that the drift speed is determined by the phase difference besides other settled parameters. When =2K +3 /2 ͑for =1͒ or 2K + /2 ͑for = −1͒, the spiral drifts with the maximal speed. The drift velocity vanishes once is equal to either 2K + /2 ͑ =1͒ or 2K +3 /2 ͑ = −1͒. Let the numerical result of the drift speed value at phase difference be equal to V a according to ͑6͒ and we can get the value of ͉csc͑␤ − ␣͉͒. Note that we also get almost the same value of ͉csc͑␤ − ␣͉͒ from Eq. ͑4͒ and the numerical results in Fig. 4 . Consequently, we can get the theoretical drift speed values at other phase differences from ͑6͒. The theoretical values are shown in Fig.  3͑a͒ , which are consistent with the numerical results.
From relation ͑5͒ one can give the drift angle dependence:
It indicates that it is the sum value of phase ͑ 1 + 2 ͒ that determines the drift angle, not the phase difference ͑ 2 − 1 ͒. From Eq. ͑7͒, we can also get ⌰ =1 + ⌰ =−1 = k + / 2, which agrees well with the numerical results in Fig.  3͑b͒ . In summary, the resonant drift behavior of spiral waves under a polarized electric field is studied in detail. Since both the spiral and polarized electric field have a characteristic of rotation symmetry, some interesting drift phenomena of the spiral induced by rotating polarized electric fields are observed. The system resonates at a frequency =2 0 and thus the spiral tip drifts in a straight line. When the electric field is circularly polarized and its rotation follows that of the spiral wave, the spiral drifts the fastest; when the polarized electric field rotates contrary to that of the spiral, the spiral does not drift. The drift velocity can be controlled by changing the phase difference of the imposed polarized electric field. All simulation results are qualitatively consistent with our theoretical analysis based on the weak deformation approximation. Since electric fields in one direction have been employed to investigate the drift behavior of spiral waves in the BZ reaction, 19, 20, 22, 28 we hope that our theoretical results of the spiral drift controlled by a polarized electric field will be observed in experiments, such as the BZ reaction. Besides the drift of spiral waves, we expect that other effects of the polarized electric field on spiral waves as well as Turing patterns in chemical reaction-diffusion systems will be studied in the future.
